Abstract. Given a compact n-manifold with a at conformal structure, there is a canonical procedure for constructing an associated (n+1)-dimensional de Sitter spacetime homeomorphic to (0; 1); we call these standard de Sitter spacetimes.
Introduction
A spacetime is a connected, smooth n-manifold with a metric of Lorentzian signature (n ? 1; 1). For simplicity we will restrict our attention to spacetimes which are orientable and time-orientable. A de Sitter (resp. at, anti-de Sitter) spacetime is a spacetime of constant positive (resp. zero, negative) curvature. Mess 23] has classi ed all compact (2 + 1)-dimensional at and anti-de Sitter spacetimes which are domains of dependence (see x3), answering a question of Witten 29] . Our main theorem extends the classi cation to the de Sitter case.
The paper of Mess relies on the techniques of 4], in which it is shown that a closed at spacetime is geodesically complete. Klingler 17] has recently generalized this argument to work for all constant curvature spacetimes (see also 24] ). This allows one to deduce, for instance, that there are no closed de Sitter spacetimes (because no in nite group of isometries acts discontinuously on de Sitter space 30, x11.1]). The groups of isometries acting cocompactly on at Minkowski space or anti-de Sitter space have been widely studied; see 8], 12], 10], 21] for more information.
In this paper, we study the case of compact spacetimes with non-empty, spacelike boundary. These are called spacetime-bordisms, viewed as bordisms between their past and future boundary components. Our general approach to classifying spacetime-bordisms is to rst describe those which are domains of dependence (in particular these are topologically products R with spacelike slices). One would then like to show that an arbitrary spacetime-bordism of constant curvature is in fact a domain of dependence, as in 23]. Our main theorem completes the rst part of this program in the remaining case of de Sitter spacetime-bordisms (Theorem 1.1).
It turns out, however, that there are simple examples of de Sitter spacetime-bordisms which are not domains of dependence; these are discussed in the nal section.
To state our classi cation theorem, we need a construction due to Thurston. Suppose is a compact n-manifold without boundary, equipped with a at conformal (M obius) structure. In unpublished work, Thurston has shown how to \thicken" a developing map dev :~ ! S n of the at conformal structure to obtain an equivariant immersion D :~ (0; 1) ! H n+1 , and hence a hyperbolic metric on (0; 1). In dimension two, this was used by Thurston to parameterize CP 1 -structures on by the space of measured geodesic laminations on (these arise as \bending laminations" on the frontier of the image of D). The projective dual of this construction provides an equivariant immersion of~ (0; 1) into (n + 1)-dimensional de Sitter space, inducing a de Sitter metric on (0; 1); the spacetimes obtained in this way are the standard de Sitter spacetimes, constructed in detail in x5. Theorem 1.1. Every de Sitter spacetime which is a small regular neighborhood of a compact spacelike hypersurface isometrically embeds in a standard de Sitter spacetime.
The rst two sections contain background material on geometric structures (x2) and causality in Lorentzian manifolds (x3). We proceed to describe the canonical decomposition of a at conformal manifold (x4), and how it gives rise to a standard de Sitter spacetime (x5). This is followed by some convexity properties in constant curvature spacetimes which yield our main result; many of these results work in the at and anti-de Sitter cases, simplifying some of the arguments in 23]. We conclude with a brief discussion of when a de Sitter spacetime-bordism is a domain of dependence.
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2. Geometric Structures and Deformation Spaces Good references for the material presented in this section are 3], 11], and 28]. Suppose G is a Lie group which acts faithfully, transitively, and analytically on a manifold X. Let M be a connected C 0;1 manifold, possibly with boundary, with a xed basepoint m 0 2 M. By convention, the universal cover a space will always be indicated by the addition of a tilde, soM denotes the universal cover of M.
A based (G; X)-structure on M is a pair (f; ) consisting of a C 0;1 local embedding f :M ! X, and a homomorphism : 1 (M; m 0 ) ! G satisfying:
f( x) = ( ) f(x); (1) for all 2 1 (M; m 0 ) and all x 2M (we say f is -equivariant). The homomorphism is called the holonomy representation of the based (G; X)-structure, and f is called the developing map. Let D (G;X) (M) denote the set of based (G; X)-structures on M, identifying pairs which di er by the action of a di eomorphism g : (M; m 0 ) ! (M; m 0 ) isotopic to the identity rel m 0 . The deformation space T (G;X) (M) of (G; X)-structures on M is de ned to be the quotient of D (G;X) (M) under conjugation by G.
A (G; X)-manifold is a pair consisting of a connected, C 0;1 manifold M and a point in T (G;X) (M). We will habitually abuse terminology by referring to an element of T (G;X) (M) by a representative based (G; X)-structure.
Our primary examples of geometric structures will come from the constant curvature Riemannian and Lorentzian model spaces. Fix integers 0 k n with n 2, and de ne R n k to be the space R n equipped with the signature (n?k; k) inner product hv; wi = ?
v j w j : (2) When k = 1, we call R n 1 ( at) Minkowski space. Recall that a vector v 2 R n 1 is said S n 1 = fv 2 R n+1 1 j hv; vi = 1g:
S n 1 is our model of n-dimensional de Sitter space; it inherits a Lorentzian metric of constant curvature +1. Note that S n 1 is homeomorphic to S n?1 R, and admits a natural conformal compacti cation S n 1 S n?1 0; 1] by (n ? 1)-spheres @ ? 1 S n 1 and @ + 1 S n 1 at past and future in nity respectively.
An alternative model of de Sitter space is constructed by means of the natural projection $ : R n+1 1 n f0g ! RP n . De ne (H n ) to be the image in RP n of the spacelike vectors of R n+1 1 ; we call (H n ) the projective model of de Sitter space.
Recall that the image in RP n of the timelike vectors of R n+1 1 is the usual projective (Klein) model of n-dimensional hyperbolic space H n , with the projectivized null vectors corresponding to the sphere at in nity @ 1 H n ; thus @ 1 H n simultaneously compacti es H n and (H n ) . In light of the above discussion, we will be considering families of (G; X)-manifolds with G = SO 0 (n; 1), the identity component of O(n; 1). This group is simultaneously isomorphic to the group Isom + (H n ) of orientation-preserving isometries of H n , the group M ob + (S n?1 ) of orientation-preserving M obius transformations of S n?1 , and the group Isom + " (S n 1 ) of orientation-preserving, orthochronous isometries of S n 1 . Corresponding to these three identi cations, we have the following examples of (G; X)-structures on an orientable n-manifold:
A hyperbolic structure is an (SO 0 (n; 1); H n )-structure. The existence of a hyperbolic structure on an orientable n-manifold is equivalent to the existence of a Riemannian metric of constant negative curvature.
A at conformal structure is an (SO 0 (n + 1; 1); S n ) structure. In dimension two this is simply the classical notion of a projective or CP 1 -structure on a Riemann surface. For n 3, Liouville's Theorem states that a conformal di eomorphism of domains in S n is the restriction of a M obius transformation. It follows that a at conformal structure is equivalent to a (locally) conformally at Riemannian metric 18], 22].
A de Sitter structure is an (SO 0 (n; 1); S n 1 )-structure. We will use the abbreviations H n (M), C(M), and S n 1 (M) for the respective deformation spaces T (G;X) (M) of hyperbolic, at conformal, and de Sitter structures on an n-manifold M. 3 We will now specialize the discussion of causality to the special case of hypersurfaces in constant curvature spacetimes. A spacelike de Sitter hypersurface is a compact, oriented, smooth n-manifold without boundary, equipped with a based (SO 0 (n + 1; 1); S n+1 1 )-structure (f; ) such that f is a spacelike immersion; it follows that inherits a well-de ned complete Riemannian metric. Similarly there are notions of spacelike at hypersurface and spacelike anti-de Sitter hypersurface. If~ is the universal cover of a spacelike de Sitter (resp. at, anti-de Sitter) hypersurface, one can also de ne a maximal domain of dependence M max (~ ), which coincides with the universal cover of M max ( Consider a sequence of points x j which lie on a null generator for H + (~ ) such that x j is to the past of x j+1 , and suppose dev(x j ) ! p. Take a past-pointing timelike segment from each point x j , so that the endpoints form a timelike-separated sequence fz j g in M max (~ ) and dev(z j ) ! p. These points can be joined by a future-pointing timelike curve whose equivalence class is the limit of the x j . We conclude that the null generators are closed sets and (3) follows.
When M max ( ) fails to be future complete, the spacetime given by Proposition 3.3 will be denoted M max (~ ). It should be noted that the above discussion greatly simpli es in the at and anti-de Sitter cases. For instance, an easy argument shows that in these cases the developing map from the universal cover of a closed spacelike hypersurface is an achronal embedding 13]. The existence of exotic developing maps into S n 1 is the main di culty one encounters is extending the results of 23].
The following elementary proposition will come in handy during the proof of the main theorem. Proposition 3.4. Let be a past complete null ray in S n 1 or R n 1 . Then there is a unique degenerate hyperplane N containing and I + ( ) = I + (N). Proof. Consider rst the case when R n 1 ; without loss of generality we may assume is a line through the origin in the direction of some past-pointing null vector n 2 R n 1 . Let N = n ? ; that is, the subspace n ? = fv 2 R n 1 j hn; vi = 0g:
(5) It follows easily that N is the unique degenerate hyperplane containing , and that I + (N) = fv 2 R n 1 j hn; vi > 0g:
Clearly I + ( ) I + (N); for the converse, consider a point w 2 I + (N). It su ces to nd a point p 2 with hw ? p; w ? pi < 0. We have hw ? tn; w ? tni = hw; wi ? 2thw; ni; (7) and hw; ni > 0, so choosing t > 0 large enough gives our desired vector p.
In de Sitter space S n 1 , the degenerate k-planes are precisely the intersections with S n 1 of the degenerate (k + 1)-planes through the origin in R n+1 1 . Using this remark, the result for de Sitter space follows easily. , the closure U in~ maps homeomorphically to a closed round ball in S n , hence U is conformally equivalent to compacti ed hyperbolic space H n @ 1 H n . We may therefore transfer the usual notion of \hyperbolic convex hull" to U; let U 1 = U n~ and let C(U) denote the intersection of U and the convex hull of U 1 in U (note that C(U) = ; if and only if U 1 has fewer than two points). Proposition 4.1. Exactly one of the following holds:
1.~ = S n with the obvious at conformal structure; 2.~ = E n = S n n f1g; 3 open round balls meeting in a \spherical lens". Let F = S n n D 1 (W p ); this set is the intersection of closed round balls in S n , and is therefore a closed convex set. Suppose F has fewer than two points. Then W p is conformally equivalent to either S n or E n , and if the dimension of~ is at least two it follows that~ = W p = S n or E n (in the one-dimensional case, we obtain the same conclusion without necessarily having = W p ). We shall assume therefore that F has at least two points and without loss of generality that D 1 (p) = 1 2 S n , so we can view F as a subset of E n = S n n f1g. in U 2 must be disjoint. The at conformal structure is said to be of elliptic type, parabolic type, or hyperbolic type, depending on whether (1), (2), or (3) holds in the statement of Proposition 4.1. In the case of hyperbolic type, the decomposition~ = S p2~ C(U p ) is called the canonical strati cation of~ ; each C(U p ) is a called a stratum. The set of strata is written S. Note nally that this decomposition is equivariant with respect to the action of 1 ( ) on~ , and so there is an induced strati cation of . An admissible spacelike partition (resp. timelike, causal) for a continuous path : 0; 1] ! M is a nite partition 0 = t 0 < t 1 < < t k?1 < t k = 1 such that for every j 2 0; : : : ; k ? 1, the points (t j ) and (t j+1 ) can be joined by a spacelike (resp. timelike, causal) segment (t j ); (t j+1 )] in a convex normal neighborhood of (t j ).
A continuous path : 0; 1] ! M is said to be spacelike (resp. timelike, causal) if it has arbitrarily ne admissible spacelike (resp. timelike, causal) partitions. When this is the case, we can de ne the length of such a path as an in mum over all admissible partitions of the appropriate type: L( ) = inffL (t 0 ); (t 1 )] + + L (t k?1 ); (t k )]g: (9) Note that it makes sense to de ne the length using the in mum versus the supremum, because L satis es the reverse triangle inequality, so re ning a partition reduces the sum in (9).
The timelike separation of points x; y 2 M is de ned to be: (x; y) = supfL( ) j is a causal curve joining x and yg (10) If there are no causal curves joining x and y, then we set (x; y) = 0. One veri es easily that is symmetric and also satis es the reverse triangle inequality.
For each x 2 @ + S n 1 x a future-pointing timelike geodesic c with arclength parameter which converges to x and de ne the timelike horofunction x : I ? (x) ! (0; 1) by:
x (y) = lim t!1 (y; c(t)) ? t: (11) Using the reverse triangle inequality, the expression on the right-hand side increases in t and is bounded above, so the limit exists. The function so-de ned is independent of the choice of c up to an additive constant. Now let denote a compact n-manifold without boundary, with a xed at conformal structure (D 1 ; ) 2 C( ) of hyperbolic type, and space of strata S in~ . By an abuse of notation, the composition 1 ( (0; 1)) = 1 ( ) ! SO 0 (n; 1) will also be denoted .
Proposition 5.1. The pair (D ; ) de nes a de Sitter structure on (0; 1) which is past complete. For every t 2 (0; 1), the slice ftg is a global Cauchy hypersurface.
Proof. We will rst show that D is a -equivariant C 1 immersion. This is clear in the elliptic and parabolic cases; we may therefore restrict our attention to the case that is of hyperbolic type. It has already been remarked that the canonical strati cation is equivariant, so given 2 1 ( ) and p 2~ , we have C(U p ) = C(U p ). The The proof that each slice is a global Cauchy hypersurface requires no further mention of the speci c de Sitter structure involved. A slice ft 0 g is a closed spacelike hypersurface by construction, and is clearly acausal since it is spacelike and separates de Sitter spacetime is said to be hyperbolic (resp. parabolic, elliptic) if it comes from a at conformal structure of hyperbolic (resp. parabolic, elliptic) type.
There is a dual construction of a hyperbolic metric on (0; 1) arising from a at conformal structure on . When is two-dimensional, this yields Thurston's parameterization of CP 1 -structures by measured geodesic laminations; the space of strata in this case is an R-tree. These matters are discussed at length in 27] and 20].
6. Convexity Properties Recall that a spacelike or timelike geodesic in a Lorentzian manifold may be parameterized in proportion to arclength in the usual way, while a natural choice of parameter for a null geodesic only exists up to an a ne change of coordinates. The following lemma is the dual of an analogous statement for hyperbolic space; the proof itself is precisely dual to the one given by Douady in 6] for geodesics in H 2 . Lemma 6.1. Suppose : 0; 1] ! S n 1 and : 0; 1] ! S n 1 are spacelike or null segments with arclength or a ne parameterizations such that for all t 2 0; 1] we have ( t ; t ) > 0. Then the function t 7 ! ? ( t ; t ) is strictly convex. Proof. We view all points of S n 1 as totally geodesic hyperplanes in H n . With this in mind, de ne 2 O(n; 1) to be the re ection in the hyperplane 1 
We claim that if H +(x) = +1 at any point x 2 D + ( ), then H + +1 on all of D + ( ). The set of points where H + equals in nity is clearly open, so consider a point x 0 such that H +(x 0 ) < +1. The future-pointing timelike rays from x 0 all meet H + ( ) in nite time, so by the local convexity of H + ( ) the same holds for the future-pointing null rays from x 0 . There exist local spacelike or null support planes at these intersection points, which extend slightly outside of I + (x 0 ). This forces H + < +1 on a neighborhood of x 0 , proving the claim. So now suppose H + +1 on all of D + ( ). It follows that every null generator of H + ( ) is future complete; for if some null generator had a future endpoint p 2 H + ( ), then we could nd a spacelike local support plane at p, which would force points in a small enough neighborhood in the past of p to satisfy H + < +1. These points lie in D + ( ) however, a contradiction. Given a future complete null generator , let N be the unique degenerate hyperplane containing dev( ); this is a future local support plane for the image of H + ( ) by hypothesis. But if a point of H + ( ) near develops to the past of N, we can apply the time reverse of Proposition 3.4 to see I ? (N) = I ? (dev( )). Thus we can nd a past-pointing timelike curve in M joining two points of H + ( ); this contradicts the achronality of H + ( ). We conclude that the entire connected component of H + ( ) containing develops into N, and so we can take as our global Cauchy hypersurfaces the level sets of a timelike horofunction for the future endpoint z of dev( ) on @ + 1 S n 1 . One checks easily that these surfaces are locally strictly convex from the future (they are, in fact, dual to the horospheres based at z 2 @ 1 H n , which are clearly strictly convex).
Finally, we may assume that H + < +1 on all of D + ( ). In this case there is a continuous \farthest-point retraction" r : D + ( ) ! H + ( ); the proofs of existence and continuity are dual to the analogous proofs for hyperbolic space which can be found in 7]. We claim that the level sets ?1 H + (t) for small values of t foliate a neighborhood in the past of H + ( ) and are locally strictly convex from the future. Take x 6 = y to be two points in H + ?1 ; +1) which are spacelike-separated and close enough so that r(x) and r(y) lie in a locally convex neighborhood on H + ( ).
Let : 0; 1] ! S n 1 be a spacelike segment joining x to y, with arclength parameter.
Similarly, let be a (possibly null) segment joining r(x) to r(y). It follows from Lemma 6.1 that 1 2 ( ( (0); (0)) + ( (1); (1))) < ( ( 1 2 ); ( 1 2 )); (14) therefore if ( 1 2 ) 2 H + ( ) we are done, otherwise continue the future pointing segment from ( 1 2 ) through ( 1 2 ) to H + ( ) to complete the proof for simply-connected. Finally, when is not simply-connected, we perform the construction above for~ and note that each step is equivariant with respect to the covering transformations. Proposition 6.3. If (0; 1) is a hyperbolic or parabolic standard de Sitter spacetime, then for every t 2 (0; 1) the slice ftg is locally strictly convex.
Proof. It was noted in the proof of Proposition 6.2 that the slices in a parabolic standard de Sitter spacetime are dual to horospheres in hyperbolic space and are therefore locally strictly convex. Suppose therefore that The proposition is then a corollary of the previous proof, as the locally strictly convex surfaces constructed there are precisely the hypersurfaces~ ftg of constant timelike separation t from H + (~ ftg).
We shall see, in fact, that the proof given above of the locally convexity of of the Cauchy horizon for a standard de Sitter spacetime works quite generally; this will allow us to obtain the Classi cation Theorem 1.1 in the next section.
Proofs of Main Theorems
The rst proposition is the key observation from which our main result is derived. 8. Horizons in Standard de Sitter Spacetimes Our main theorem classi es compact de Sitter domains of dependence by at conformal structures arising at timelike in nity. In 23] , it is shown that every compact at or anti-de Sitter spacetime-bordism is a domain of dependence (in particular, a topological product R with spacelike slices) by modifying the arguments of 4]. The analogous result is not quite true in the de Sitter case, as there are simple counterexamples in dimension two. It follows from Euler characteristic considerations that any two-dimensional spacetime-bordism is homeomorphic to an annulus; nevertheless we have found a family of de Sitter annuli which contain non-trivial Cauchy horizons.
Suppose 2 SO 0 (2; 1) is a hyperbolic element, and x a ruling of S 2 1 by null lines. This de nes a pair of disjoint null lines in S 2 1 joining the two xed points of in @ + 1 S 2 1 with the ones in @ ?
1 S 2 1 . The element acts freely and properly discontinuously on an open region U bounded by these two lines (compare gure 1, where for simplicity we have indicated this situation in the universal cover of S 2 1 ). The quotient U=h i is In dimension three, similar examples arise when there are open subsets in the Cauchy horizon which are foliated by null generators (arising from Hopf submanifolds in the at conformal structure at in nity) It is shown in 27] that these are the only possibilities. There is presumably a similar result in higher dimensions, which will require a more careful analysis of the group action on the space of maximal balls.
